Abstract. In the paper are studied 5-dimensional pseudo-Riemannian manifolds equipped with the almost para-contact structure which is an analogon of the almost contact structure in the Riemannian geometry. It is assumed that curvature and the structure affinor commute. These manifolds admits a compatible cosymplectic structure in the sense of P. Libermann. There are found explicit expressions of the connection, the curvature, the Weyl curvature and the Ricci tensor. The structure affinor and the Ricci tensor define a closed 2-form called the Ricci form. In the paper are classified manifolds with the η-Einstein Ricci tensor, manifolds with the contact Ricci potential, which is a classical contact form, locally flat manifolds and there are described all connected, simply connected Lie groups admitting left-invariant structure. All these manifolds are in fact Walker spaces -manifolds with parallel isotropic distribution. However the emphasize is put on the structure, in consequence the Walker's classification theorem is not applied.
and these manifolds are called 'weakly para-cosymplectic'. It was very unexpected and attracted much attention.
In [3] it was obtained the local characterization of weakly para-cosymplectic manifolds with para-Kählerian leaves. There are four classes classified by the properties a tensor field A = −∇ξ. As A is self-adjoint (or in different terminology: symmetric) a symmetric form g(AX, Y ) gives rise to a notion of elliptic, hyperbolic or parabolic manifold depending on a rank r(A) 2 and index i:
(1) r = 1, the manifold is parabolic, (2) r = 2 (a) i = 0 -hyperbolic, (or neutral) (b) i = 2 -elliptic, if the manifold has para-Kähler leaves then r = 0 (A = 0) is equivalent for the manifold to be para-cosymplectic. We shortly summarize the contents of the paper. The Section 3 is general. The results provided are valid not only for 5-dimensional manifolds but in the general case. Here we establish recall the basic curvature identities, we enable the existence of the Ricci form and we prove that the Ricci form is closed. Also we prove that locally conformally flat weakly para-cosymplectic manifolds in dimensions 5 are locally flat.
The Section 4 is the main technical part of the paper. Here appears the notion of adopted frames and coframes, in this section are found the expressions for the Levi-Civita connection and Cartan's structure equations. Subsequently we obtain the form of the curvature, the Weyl curvature and the Ricci tensor which are fundamental. We introduce in the section the idea of algebraic scalar invariant as a particular function of the curvature coefficients.
In the Section 5 we provide a local classification of η-Einstein manifolds, ie. manifolds with the Ricci tensor of the form Ric(X, Y ) = r 4 (g(X, Y ) − η(X)η(Y )), r denotes the scalar curvature and on the results of the Section 3, r have to be constant and it assumed r = 0. The Section 6 is devoted to the local classification of the manifolds with contact Ricci potential. More precisely, such manifold admits a contact form (non-unique) which exterior derivative is equal to the Ricci form ρ, and thus via the structure affinor ϕ, the Ricci form determines the Ricci tensor ρ(ϕX, Y ) = Ric(X, Y ), similarly as for example in the geometry of the Kähler manifolds.
In the Section 7 we classify locally flat manifolds. It is interesting to point out that the local flatness of the metric does not imply integrability of the structure. Thus here are described elliptic or hyperbolic locally flat manifolds. Also here we provide an example of the locally flat manifold which admits a transitive group of automorphisms and in the fact there are at least two non-isomorphic maximal (with effective action) such groups.
Finally in the last Section we classify all connected, simply connected Lie groups G which admits a left-invariant structure (ϕ, ξ, η, g), all the tensors are left-invariant, such that (G, ϕ, ξ, η, g) is a weakly para-cosymplectic manifold with para-Kähler leaves.
The research on the subject of this paper started several years ago. Partially, some results mainly form the Section 3, from the last Section and some their consequences like the existence of the contact Ricci potential for η-Einstein manifolds, were presented at the seminar held at the University of Bari, Italy in June, 2011. On the occasion of the publishing of this paper I would like to express my gratitude to prof. Anna M. Pastore, prof. Maria Falcitelli for invitation P. Dacko An almost para-cosymplectic manifold M with ∇ϕ = 0 is called para-cosymplectic. In this case the manifold M locally is a metric product of an open interval (−a, a) and a para-Kähler manifold. For a point p ∈ M there is a neighborhood U and a local isometry : U → (−a, a) × (N p ∩ U)
• , where (N p ∩ U) • is a connected component of N p ∩ U containing p, N p is a leaf passing through p. This local description implies that all leaves of F are para-Kähler manifolds [3] .
In general manifolds with para-Kähler leaves are characterized by the identity [3] :
(1) (∇ X ϕ)Y = g(AϕX, Y )ξ − η(Y )AϕX, A = −∇ξ.
There are many examples where a manifold has para-Kähler leaves and is not para-cosymplectic.
As a consequence of (1) As we see the classification follows the pattern of the classification of the quadratic forms on a 2-plane. Here θ 1 (X) = g(X, V 1 ), θ 2 (X) = g(X, V 2 ) and V 1 , V 2 are as in the above Theorem.
2.2.
The case of the dimension 3. Here we provide a short overview of a geometry of 3-dimensional almost para-cosymplectic manifolds. Note that in the dimension 3 the leaves are always para-Kähler: arbitrary 3-dimensional manifold has para-Kähler leaves. Those manifolds which are additionally weakly para-cosymplectic are classified and studied in [4] . These manifolds possess many interesting properties. For example the scalar curvature r determines completely the curvature operator: for the Riemann curvature R and the Ricci tensor S we have
Due to the fact that M is three-dimensional there are no elliptic or hyperbolic points on M: the rank of A, r(A) is 1. If we assume that M is essentially weakly para-cosymplectic then r(A) = 1 everywhere. Near each point p ∈ M there is an isotropic (null) vector field V (determined up to the sign), such that AX = εg(X, V )V, ε = ±1. The vector field V is recurrent ∇ X V = τ (X)V and the form τ determines the scalar curvature
A globally defined one-dimensional isotropic distribution spanned by V is isotropic and parallel. Thus M is a Walker space: the pseudo-Riemannian manifold with parallel isotropic distribution. Locally the structure of M is described with a use of a particular coordinates chart (x, y, z)
and the scalar curvature r(x, y, z) = 2∂ 2 x b. A locally Riemannian homogeneous manifold M either is para-cosymplectic and leaves are paraKähler surfaces of constant curvature, or in the case ∇ϕ = 0, the universal covering M is a Lie group with a left-invariant almost para-contact metric structure ( ϕ, ξ, η, g): ( M, ϕ, ξ, η, g) and (M, ϕ, ξ, η, g) are locally isomorphic as almost para-contact metric manifolds. The metric g on M necessary is locally flat. Therefore the covering ( M, g) is pseudo-Euclidean. The underlying Lie group M is either Heisenberg group H 3 or a unique non-unimodular Lie group A 3 [4] . The other consequence is that an essentially weakly para-cosymplectic manifold with non-zero curvature is irreducible as a pseudo-Riemannian manifold. Hence there are no weakly para-cosymplectic three-manifolds of a non-zero constant sectional curvature. Concerning the last statement note that in the dimensions 5 we have a much stronger result [3] : if M is arbitrary almost paracosymplectic manifold, dim(M) 5, of a constant sectional curvature K, then K = 0 and M is locally flat para-cosymplectic manifold.
Curvature identities. The Ricci form
In this section we establish basic curvatures identities for a weakly para-cosymplectic manifold, define a Ricci form and prove that the Ricci form is closed if the manifold has para-Kähler leaves. Moreover we shall prove that conformally flat weakly para-cosymplectic manifolds in dimensions 5 are locally flat. Throughout this section and further R(X, Y )Z denotes the Riemann curvature operator of the Levi-Civita connection
Ric the Ricci tensor
Ric(X, Y ) = T r{Z → R(Z, X)Y }, and Q the Ricci operator defined by the equation
Proposition 1. Let M be a weakly para-cosymplectic manifold. We have the following identities
for the Riemann-Christoffel curvature
and for the Ricci tensor
in all the above formulas X, Y , Z, W are arbitrary vector fields on M.
the symmetries of the Riemann-Christoffel curvature follow
projecting both hands onto W we find
we substitute W = ϕW ′ in the last expression Proof. The idea of the proof is to use the identity
here on the left side X,Y,Z denotes the cyclic sum over the entries X,Y ,Z. We have
therefore for the covariant derivative ∇ρ we obtain
The first Bianchi identity applied to
and the second Bianchi identity follow
(the cyclic sums)
taking the traces Tr{X → ·} of respectively left and right hands we find
as Y and Z are arbitrary dρ = 0 identically.
An almost para-cosymplectic manifold M is called η-Einstein if the Ricci tensor satisfies
r is the scalar curvature r, dim(M) = 2n + 1.
Theorem 2. For η-Einstein, weakly para-cosymplectic manifold M with para-Kähler leaves and dim(M) 5, the scalar curvature is constant r = r 0 .
If the Ricci tensor is parallel with respect to the Levi-Civita connection
then M is para-cosymplectic or Ricci-flat Ric = 0.
We start the proof from the following algebraic lemma Lemma 1. Let ω be a 2-form of maximall rank at any point. If there is a non-zero 1-form τ such that
Proof of the Lemma. As τ = 0 there is a vector field V such that τ (V ) = ι V τ = 0. The inner product ι V (τ ∧ ω) = (ι V τ )ω − τ ∧ ι V ω, follows ω = τ ∧ β for a 1-form β ( precisely β is defined at points where ι V τ = 0) and in a consequence ω 2 = 0. As ω has maximall rank dim(M) < 4.
Proof. By the assumption
and as Φ is closed
The fundamental form Φ has maximall rank. If dr = 0 applying the Lemma we obtain dim(M) < 4: the contradiction. Thus dr must vanish which implies r = r 0 = const. Assuming ∇Ric = 0 we obtain the following equivalent condition
setting Y = ξ we find that rg(AW, X) = 0 for arbitrary vector fields W , X, thus r = 0 or A = 0 In the former case the manifold is Ricci-flat in the latter case the vanishing of A follows ∇ϕ = 0 -the manifold is para-cosymplectic. Proof. We start from the well-known decomposition for the Riemann-Christoffel curvature
C(X, Y, Z, W ) denotes the Weyl curvature. Under assumption that M is locally conformally flat C = 0. For weakly para-cosymplectic manifold R(X, Y, ξ, W ) = 0 identically which yields that the vector field ξ lies in the kernel of the Ricci tensor Ric(ξ, ·) = 0. Thus
As M is η-Einstein and conformally flat we find
Φ is the fundamental form, from the other hand by the Proposition 1, eq. (4)
now applying the first Bianchi identity follows r Φ ∧ Φ = 0, hence r = 0 and in consequence R = 0.
Connection and curvature of elliptic and hyperbolic five-manifolds
In this section we provide the basic formulas for the connection and the curvature in both cases: elliptic and hyperbolic. The main tool to reach these goals is a set of a particular frames we are going to describe. 4.1. Adopted frames. Before proceeding further we need the following general Proposition 3. Let M be an almost para-cosymplectic manifold, dim(M) = 2n + 1 3 . Near each point p ∈ M there is a local frame of vector fields (E 0 , E 1 , . . . , E n , E n+1 , . . . , E 2n ) such that
and the other coefficients of the metric tensor vanish.
Proof. Let assume that we already have constructed (E 0 , E 1 , . . . , E k , E 1+n , . . . , E k+n ), k n. Obviously we may assume k < n. Let denote by D k the (2k+1)-dimensional local distribution spanned by (E 0 , E 1 , . . . , E k , E 1+n , . . . , E k+n ). The distribution D k is non-degenerate: the restriction g| D k of the metric tensor is non-degenerate. Thus there is properly defined orthogonal complement D ⊥ k ; we have the splitting of the tangent bundle restricted to a small neighborhood U p of a some point p
k is also non-degenerate: so there is a non-null local section
The frame (E 0 , E 1 , . . . , E k , E 1+n , . . . , E k+n ) ∪ (E k+1 , E k+1+n ) satisfies the requirements of the Proposition. The construction starts from E 0 = ξ.
Theorem 4. Let M be an elliptic or hyperbolic weakly para-cosymplectic manifold with paraKählerian leaves. Then near each point there are non-vanishing vector fields V 1 , V 2 such that
, -the elliptic case,
Proof. We adopt here the main idea of the proof of the Theorem 5 in [3] . For a point p ∈ M let (E 0 , E i , E i+n ), i = 1, . . . , n be a local frame constructed in the Proposition 3. We set
hence c i(j+n) = 0 identically and
Y j E j are local vector fields defined near the point p then
by the assumption rank(g(A·, ·)) = 2 which implies (cf. [3] ) that the square, symmetric n × n matrices [c ij ]
n,n i=1,j=1 both have rank = 1. Therefore there are smooth functions d 1 , . . . , d n , h 1 , . . . , h n defined on a possibly smaller neighborhood of p, such that
the functions d i , h i are determined uniquely up to the change of the sign (
depending on the sign σ = ε 1 ε 2 we have: the elliptic case σ = 1, the hyperbolic case σ = −1
Remark 1. In the above formula ε 1 can be arbitrary −1 or +1. To simplify the notation we introduce a concept of ξ-orientability. Let consider a deformation of the structure (ϕ, ξ, η)
The forms
determine the opposite orientations on the manifold. The deformation follows A → A ′ = −A. Thus if necessary changing the direction of ξ we can assure that ε 1 = 1.
Let (M, φ, ξ, η, g) be a 5-dimensional weakly para-cosymplectic manifold with para-Kählerian leaves. Assume that M is non-degenerate, we mean by that the tensor field A is of maximall rank. Thus M is elliptic or hyperbolic: here we assume that at each point. So near each point there are vector fields V 1 , V 2 and
, and the only non-zero coefficients of the metric are
For example we can take
where U and W are local vector fields and such that
is the frame with the required properties. Such frames will be called adopted frames. An extension of the vector fields (ξ, V 1 , V 2 ) to an adopted frame (ξ,
) is another adopted local frame then there is a function α such that (8) V
The next Proposition describes locally the Levi-Civita connection.
be an adopted frame defined near a point p on a neighborhood U p . There are local 1-forms τ 1 , τ 2 and ω defined on U p such that
Lemma 2. We have the identities
for arbitrary vector fields X, Y .
therefore (11) and (13) together imply l = 0 identically. In a consequence for arbitrary X, Y
where in the last equation we again used the fact that A is a Codazzi tensor.
Proof. (Of the Proposition)
Part (a). The equation ∇ξ = −A comes from the definition of A; the remaining part is the contents of the Theorem 4 for this particular case.
thus ∇ X V 1 is a local field of −1-eigenvectors, ∇ X V 2 is a local field of +1-eigenvectors and hence ∇ X V 1 must be a linear combination of V 1 and V 4 , while ∇ X V 2 a linear combination of V 2 , V 3
By the Lemma 2 (note also
hence as X is arbitrary κ 1 = κ 2 = 0 identically. Now computing ∇A we find
and by (
with the help of what we have just proved we find
and we have to provide similar computations for ∇ X V 4 .
Proof. It is enough to proof that the derivatives ∇θ 1 and ∇θ 2 are symmetric. But (cf. 9(b))
and similar computations for ∇θ 2 .
4.2.
The gauge transforms. In this short part we discuss how the objects which appears in the Levi-Civita connection in the Proposition 4 the forms τ 1 , τ 2 and the form ω are related to the particular choice of the adopted frame. In other words we are interested in how these objects change under a gauge transform
, that is passing from one adopted frame to another such one. Above we have noticed that the adopted frames are related to each other through a function
is a smooth function defined on a common neighborhood where both adopted frames ρ, ρ ′ exist.
Proposition 5. Let two adopted local frames be defined on U and U ′ resp. Let τ 1 , τ 2 , ω are corresponding forms on U
Proof. The first two equations are rather obvious, for the third
in the last step we applied the formulas for the connection from the Proposition 4.
We have two important corollaries: the families of local forms τ 1 and τ 2 give rise to a properly globally defined forms -the local forms coincide on the intersections of their domains of the definition. The second corollary consider properties of the family of local forms ω.
here α is a local function which defines the gauge transform.
Proof. According to (20)
and
4.3. The connection form and the curvature. Let (V 0 = ξ, V 1 , . . . , V 4 ) be a local adopted frame and (θ 0 = η, θ 1 , . . . , θ 4 ) be a metric-dual coframe defined by
using Berger's musical notations we may write
and this notation comes from classical idea of "rising" and "lowering" indices with the help of the metric tensor. A dual coframe (δ 0 , δ 1 , . . . , δ 4 ) is defined as usually by the Kronecker's δ δ i (V j ) = δ i j , the metric-dual and the dual coframes are related by 
Directly from the Proposition 4 we have
we define local curvature forms C j i by
or using exterior product we can write C = 2(dΩ − Ω ∧ Ω). Note τ i = α i θ i for functions α i , i = 1, 2 using this in the direct computations we obtain
where the form C ′ is given by
We denote Θ ij = 2θ i ∧ θ j .
Proposition 6. For the Riemann-Christoffel curvature tensor R(X, Y, Z, W ) we have
and the forms τ 1 , τ 2 and ω are subject to the identities
Proof. On the base of (23) we find R(X, Y, V i , W ) for each i = 0, . . . , 4, e.g.
and by the Theorem 4 (cf. also Remark 4.1)
which being applied in the above formula finishes the proof of (24). Applying the first Bianchi identity to (24) we obtain
therefore all terms in the brackets must vanish.
Let ι ξ κ denotes the inner product of the vector field ξ and an exterior form κ. It is assumed that
where κ is a (k + 1)-form. For an exterior form κ we define
The tensor field ϕ acts on κ
note that ϕκ 0 = ϕ(η ∧ ι ξ κ) = 0 and the last equation holds by ϕη = 0. A form κ is said to be ϕ-invariant, resp. ϕ-anti-invariant if ϕκ = κ, resp. ϕκ = −κ or ϕ-null if ϕκ = 0.
Proposition 7.
Each form κ has a unique sum decomposition
Proof. We set
It is obvious that
Next we directly verify ϕκ + = κ + , ϕκ − = −κ − and ϕκ 0 = 0. At first we note that for an arbitrary form
then for example
and similarly for κ − .
For a pair of the 2-forms B, D by B · D we denote a 4-covariant tensor field U (X, Y, Z, W ) defined by
in other words B · D is a symmetric product on a space of 2-forms viewed as a space of linear functions on bivectors. Let (V 0 = ξ, V 1 , V 2 , V 3 , V 4 ) be an arbitrary adopted local frame and (θ 0
functions α 2 , β 2 are eigen-functions each of multiplicity 2 of the Ricci tensor, thus they are independent of a particular choice of an adopted frame.
Proof. Setting Z = V 1 , V 2 in the identity
we obtain dτ i (ϕX, ϕY ) = −dτ i (X, Y ), i = 1, 2. Among the forms θ i ∧ θ j , i < j, only θ 1 ∧ θ 2 , θ 1 ∧θ 3 , θ 2 ∧θ 4 and θ 3 ∧θ 4 are ϕ-anti-invariant. Therefore according to the integrability conditions (25) we must have
and in a consequence again by (25a,b)
Projecting the both sides of the equations (27) onto W , next multiplying the first obtained equation by θ 1 (Z) and the second by θ 2 (Z) we find
and summing by sides gives the identity
Therefore by (24, 33, 37) we have (34). To obtain the Ricci tensor we compute the trace of each component in (34) separately
where each U s is of the form a Θ ij · Θ kl for a function a and some i, j, k, l. Let U = 2Θ ij · Θ kl and S be (a symmetric) tensor field defined by
We directly verify that
In the case i = k, j = l ∈ {1, 2, 3, 4} the formula simplifies to
as all diagonal coefficients g mm for m = 1, . . . , 4 vanish g mm = 0. According to (35) symmetric forms
are both degenerate (of non-maximal rank) hence functions −α 2 , −β 2 are eigen-value functions of the Ricci tensor (or operator) thus they are independent of the choice of a local frame.
Theorem 5. If M is an elliptic or hyperbolic weakly para-cosymplectic five-manifold then the Ricci form ρ is exact and
and according to (33) the right hand side is equal to −2dτ 1 + 2dτ 2 .
4.4.
Algebraic classification of the curvature. The idea is to treat the curvature R purely algebraically. Formally the curvature R is a quadratic form in (Θ 12 , Θ 13 , Θ 24 ) and fixing this order we associate to the curvature R a matrixR of this quadratic form. From (34) we find
The correspondence R ↔R is not 1-1. The local gauge transformation
defined by the function α (19) determines a linear transformation P (α) :
and ifR ′ is a matrix of the curvature with respect to (Θ ′ 12 , Θ ′ 13 , Θ ′ 24 ) thenR andR ′ are related by
where (α) is a matrix
The formula (40 ) defines a group R-action on the set of symmetric matrices of the form (39). If we identify these symmetric matrices with points in 
4.5. The Weyl curvature. This part is devoted to obtain an expression for the Weyl curvature tensor similar to (34). We begin from simple remarks concerning of the Kulkarni-Nomizu product of the two symmetric tensor fields. For arbitrary symmetric tensor field h(X, Y )
is algebraic curvature tensor, i.e. R has the the same symmetries as the curvature of Riemannian or pseudo-Riemannian manifold. It can be verified directly or in fact we note that R is exactly of the form of the curvature of a hypersurface in (pseudo)-Euclidean space with the second fundamental form h(X, Y ). We may treat this formula as a quadratic form in h, R = q(h) in consequence we may associate to q(·) its polar form P (u, v) which is a symmetric, bilinear form on symmetric 2-tensors P (u, v) = 1 4 (q(u + v) − q(u − v)), and
now the tensor 2P (u,v) is called the Kulkarni-Nomizu product of the two symmetric forms u, v and usually denoted by u ∧ v which is a bit misleading because the product is symmetric in (u, v), u ∧ v = v ∧ u. From this construction it is clear that u ∧ v is algebraic curvature tensor for arbitrary (u, v). Using Kulkarni-Nomizu product the decomposition of the curvature can be shortly written as
g denotes a metric, and Ric the Ricci tensor, r a scalar curvature and n is a dimension. Going back to our considerations in the view of the our assumptions and obtained results we have
Directly from the definition of the Kulkarni-Nomizu product we verify that
using bilinearity of the Kulkarni-Nomizu product we obtain (Ric −
We represent a quadratic form q = i q i v 2 i + i<j 2q ij v i v j as non-oriented graph with vertices as variables and the two vertices v i , v j are joined if term 2q ij v i v j appears in the formula for q (q ij = 0) and a loop matches a quadratic term q i v 2 i . Edges of the graph are labelled by the coefficients q ij . For example 2v
The Weyl curvature C in general does not share the ϕ-invariance properties of the curvature. Proof. The summands C 1 , C 2 in the Proposition 9 must vanish identically which yields that the Ricci tensor is η-Einstein and the scalar curvature also vanishes r = 0. Thus Ric = 0, the manifold is Ricci flat and C = R.
η-Einstein manifolds
This section is devoted to the study of a particular class of manifolds for which the Ricci tensor satisfies
we denote the scalar curvature by r 0 to emphasize that it must be constant according to the Theorem 2. Let (M, ϕ, ξ, η, g) be a elliptic or hyperbolic weakly para-cosymplectic manifold with para-Kähler leaves. Let fix a local adopted frame (V 0 = ξ, V 1 , . . . , V 4 ). Assuming Ric is η-Einstein by (35)
hence α 2 = β 2 = −r 0 /4 and α 1 = β 1 = a and by (33) the differentials dτ 1 , dτ 2 of the forms satisfy
now the idea is to note that the coefficients α 1 , β 1 are dependent on the choice of an adopted frame and that for suitable chosen such adopted frame we can assure a = 0 if r 0 = 0. Indeed if
is another adopted frame (19), then as the forms τ i are gauge invariant we can write
here the relations between the forms θ i and θ i ′ are
for the gauge function α. Thus simple comparison follows
so if scalar curvature is non-zero setting α = −4a/r 0 enforce a ′ to vanish.
Proposition 11. For η-Einstein manifold with non-zero (constant) scalar curvature near each point there is a unique up to change of signs adopted frame such that
In the case of the Ricci-flat manifold when the scalar curvature = 0 we have
in an arbitrary adopted frame.
5.1.
The local classification of scalar non-flat η-Einstein manifolds. From (21,22) we obtain the first set of Cartan's structure equations for an adopted metric-dual coframe (46)
To this set of equations we have to add (44) and their consequences: taking the exterior derivative of the both hands having in mind d 2 = 0 and dθ 0 = dθ 1 = dθ 2 = 0 we obtain
Theorem 6. Let U ⊂ R 5 = R × R 4 be a domain and (t, x 1 , x 2 , y 1 , y 2 ) be global Cartesian coordinates on R 5 . We define a coframe of local 1-forms on U (48)
for arbitrary smooth functions f 0 , u 0 , h 0 , v 0 on U and a non-zero constant r 0 , σ = ±1, and we set an almost para-contact metric structure (ϕ, ξ, η, g) on U
(49)
then U equipped with this structure is an almost para-cosymplectic manifold, weakly para-cosymplectic, with para-Kähler leaves and η-Einstein with constant scalar curvature r 0 . For σ = 1 we have elliptic manifold, for σ = −1 hyperbolic. Conversely, if M is weakly para-cosymplectic manifold with para-Kähler leaves with η-Einstein Ricci tensor then near a point p ∈ M there is an adopted metric-dual coframe (θ 0 = η, θ 1 , . . . , θ 4 ) and local coordinates (t, x 1 , x 2 , y 1 , y 2 ) near p such that (48) are fulfilled.
Proof. (⇒) Essentially here we use the uniqueness of the Levi-Civita connection. Assuming (48) we find that (46) are satisfied with
the connection form for the metric (49) is, by the uniqueness, given as in (22) so all the curvature expressions are valid, especially (33) and we verify this directly (44) so the Ricci tensor is η-Einstein and the constant r 0 is exactly the scalar curvature.
(⇐) Our considerations are purely local -we may shrink if necessary a neighborhood of a some fixed point p ∈ M such that θ 1 = dx 1 , θ 2 = dx 2 for some locally defined functions x 1 , x 2 . Moreover we can assume dθ 3 = u 1 ∧ θ 1 = u 1 ∧ dx 1 and dθ 4 = u 2 ∧ θ 2 = u 2 ∧ dx 2 for a local 1-forms u 1 , u 2 . Therefore the pullbackθ 3 on a local hypersurface x 1 = const is a closed form thusθ 3 = df x 1 , 22 P. Dackō f x 1 is a 1-parameter family of smooth functions, x 1 playing a role of the parameter. We put f (x 1 , ·) =f x 1 (·) which properly defines a smooth local function on a some neighborhood of the point p. The form θ 3 can be written locally as
for a function u. If we replace θ 1 by θ 2 and θ 3 by θ 4 we obtain a similar decomposition for the form θ 4
From (46,47) it follows that ω ∧ θ 1 ∧ θ 2 = 0, in consequence ω = aθ 1 +bθ 2 for functions a, b. Moreover due to (33) and our general assumption that the manifold is η-Einstein we have
thus both a, b must satisfy
and we find
We need a suitable coordinate system near our fixed point p. The obvious choice is to try to extend local functions (t, x 1 , x 2 ), where
everywhere from the other hand
so the 1-forms (η = dt, θ 1 = dx 1 , θ 2 = dx 2 , dα 1 , dα 2 ) are closed and pointwise linearly independent which suggest to treat the functions α 1 , α 2 as additional independent variables. However we will use coordinates y 1 , y 2 defined by
4 y 2 so a 1-form π = η − 2τ 1 + 2τ 2 which is a globally defined contact form on M in coordinates (t, x 1 , x 2 , y 1 , y 2 ) is expressed by
The local functions f , h, u, v have to be established on the base of the Cartan's equations (46). In coordinates
and possible solution of this system of equations are of the form as in (48).
Manifolds with contact Ricci potential
As we know the Ricci form ρ of a hyperbolic or elliptic manifold is closed and exact and ρ = 2d(η − τ 1 + τ 2 ), (5). The 1-form η − τ 1 + τ 2 we call a Ricci potential. In this section we shall describe locally manifolds for which the Ricci potential is a contact form on a 5-dimensional manifold, equivalently manifolds with η ∧ ρ ∧ ρ = 0 everywhere. Obviously Ricci potential is not determined uniquely; arbitrary −τ 1 + τ 2 + β with dβ = 0 will do but our choice is dictated by an attempt to construct in natural way a contact form. If −τ 1 + τ 2 + β is another contact Ricci potential then β = uη + β 0 for a nonvanishing function u. Taking in non-canonical way the Ricci potential, that is β = η influences the contact distribution C β : −τ 1 + τ 2 + β = 0. So, strictly speaking we should say about family of contact structures, also having in mind different possible choices of contact distributions. Our choice β = η although it seems to be natural in other settings may become inconvenient. Theorem 7. Let U ⊂ R 5 = R × R 4 be a domain and (t, x 1 , x 2 , y 1 , y 2 ) be global Cartesian coordinates on R 5 . Let define a coframe of 1-forms on U (50)
where the functions (f 1 , u), (f 2 , v) satisfy the following conditions (51)
and f 3 is arbitrary function on U. Let define an almost para-contact metric structure (ϕ, ξ, η, g) on U
(52)
then U equipped with this structure is a weakly para-cosymplectic manifold with para-Kähler leaves, hyperbolic for σ = −1, elliptic for σ = +1, and with a contact Ricci potential
The eigen-functions α, β of the Ricci tensor Ric are given by
Conversely if M is weakly para-cosymplectic with para-Kähler leaves, elliptic or hyperbolic, with contact Ricci potential η −τ 1 +τ 2 , then near arbitrary point p ∈ M we can find a local coordinates system (t, x 1 , x 2 , y 1 , y 2 ) such that (50,51,52,53) are satisfied.
Proof. (⇒) Proof here goes as in the proof of the Theorem 6. We directly verify that (50, 51, 52) define an almost para-cosymplectic structure on U satisfying the Cartan's structure equations (46) with the 1-forms τ 1 , τ 2 , ω given by
ω can be described in the following way
and the functions u 3 , v 3 are defined by the identities
The main line of local classification of such manifolds lies in the fact that we are able to choose in convenient way a local coordinates system (t, x 1 , x 2 , y 1 , y 2 ) similarly as it was done in the classification of η-Einstein manifolds
The condition of the existence of the contact Ricci potential can be written in several equivalent forms
the last condition simply means that the eigenvalues of the Ricci tensor are non-zero at each point, except obviously the eigenvalue which corresponds to ξ, as Ricci tensor is always degenerate and Ric(ξ, ·) = 0. In the other words the Ricci form has contact potential if and only if the kernel of the Ricci tensor is 1-dimensional, and therefore is spanned by ξ. The presence of the coordinates (57) allows us in efficient way to analyze the Cartan structure equations (46). At first we note as consequences of these equations that
thus locally forms (θ 3 , θ 4 , ω) are given by (59)
2 )) are locally defined functions which have to satisfy some additional integrability conditions according to (46). Plugging (59) into (46) and multiplying exteriorly obtained equations by dx 1 and dx 2 we get the following conditions (60)
In what follow given a function F by F y i , F x i , i = 1, 2 we denote its first partial derivatives with respect to coordinate functions (x 1 , x 2 , y 1 , y 2 ), so for example f ′ 1y 1 = ∂f ′ 1 /∂y 1 . The exterior differential of the first and fourth equations follow
and functions u
From the second and the third equations of (60) we find
The function f ′ 3 is arbitrary however for the functions u ′ 3 , v ′ 3 again from (46) we obtain the following relations
we treat these relations as definitions for u ′ 3 and v ′ 3 . Now (59) can be written in the following form (61)
In the decomposition of the Ricci tensor (35) the part
is geometrically significant only in the points where the eigenfunctions α 2 , β 2 of the Ricci tensor are equal α 2 = β 2 = −r/4. If at a point p ∈ M α 2 (p) = β 2 (p) then in a small neighborhood U p , α 2 = β 2 and we can choose a new adopted coframe (θ 0 = η, θ 1 ′ , . . . , θ 4 ′ ) on U p by appropriate gauge transform, such that in this new frame Ric ′ 0 = 0 everywhere on U p . The manifold M is said to be generalized η-Einstein if the Ricci tensor satisfies the following condition
where r is scalar curvature, r = 0 everywhere, and
The possible case r = 0 identically we treat as degenerate because such manifolds cannot have contact Ricci potential, so the Theorem 7 does not apply here. Such manifolds have to be treated separately. The local classification of manifolds with contact Ricci potential and generalized η-Einstein comes directly from the Theorem 7.
Corollary 4. In the denotations of the Theorem 7 for the manifold M to be generalized η-Einstein it is sufficient and enough that the functions (f 1 , u), (f 2 , v) be such that
are arbitrary functions of (x 1 , x 2 ) only and B = B(x 1 , x 2 ) = 0 is nonvanishing everywhere. Locally
7. Locally flat manifolds 7.1. Local classification. According to (23) a manifold is locally flat if and only if the forms are closed dτ 1 = 0, dτ 2 = 0, and the 2-form C ′ = Dω + σθ 1 ∧ θ 2 vanishes C ′ = 0. Note that under the assumption that τ 1 , τ 2 are closed the form Dω is gauge-invariant. Thus we have to resolve the following system of equations
By the definition Dω = dω − ω ∧ (τ 1 + τ 2 ), so we have the equation
which yields dω ∧ (τ 1 + τ 2 ) = 0 as the right hand of the above equation is a closed form. We have now two possibilities depending on τ 1 ∧ τ 2 is zero or not. So let assume that τ 1 ∧ τ 2 = 0 on an open submanifold U ⊂ M then
and dω = f θ 1 ∧ θ 2 for a function f . Thus
and in consequence
At first we consider the case df ′ is zero identically, df ′ = 0. Under this assumption plugging (69) into (46) we find that
where y 1 , y 2 are functions. As (θ 0 = η, θ 1 , . . . , θ 4 ) is a local coframe we find that θ 0 ∧ θ 1 ∧ θ 2 ∧ dy 1 ∧ dy 2 = 0 everywhere, so we may pick (t, x 1 , x 2 , y 1 , y 2 ) as a local coordinates system where η = dt, θ 1 = dx 1 , θ 2 = dx 2 . Now the Cartan equations (46) impose constraints on functions (u, v), (α 1 , α 2 ) and (a, b) and their derivatives
Providing similar computations as in the cases of η-Einstein manifolds or manifolds with contact Ricci potential we obtain following forms for these functions in terms of the given local coordinates (71)
for Dω we find
hence according to (68) the functions A, B have to satisfy the following second order linear differential non-homogeneous equation
. Now we are ready to consider general case ω = aθ 1 + bθ 2 + df ′ with df ′ = 0. We simple notice that it is always possible to choose a gauge -to pass to another adopted local coframe according to (19) -then ω is changing to a form ω ′ (20) and we can assure that
f ′ is a function on U. Considering (71) we observe that setting α 1 = 0, α 2 = 0 in (71) we obtain particular solution with τ 1 = 0, τ 2 = 0 and f ′ = 0. Now we want to extend this solution for arbitrary f ′ . Our first attempt is to make an ansatz
as before A = A(x 1 , x 2 ), B = B(x 1 , x 2 ), we directly verify that now (θ 0 = η = dt, θ 1 = dx 1 , θ 2 = dx 2 , θ 3 , θ 4 ) satisfies the equations (46) with ω as given in (73) with a = −∂ x 2 A, b = ∂ x 1 B and the curvature vanishes if and only if
If θ ′ 3 , θ ′ 4 are another local solutions of (46) with the the same ω then differences
are closed forms thus if necessary shrinking U we can write
for functions c 1 , c 2 . The coordinate change y 1 → y ′ 1 = y 1 + c 1 , y 2 → y ′ 2 = y 2 + c 2 brings the forms θ ′ 3 , θ ′ 4 to the same expression as in (74).
Finally let τ 1 = 0 and τ 2 = 0 everywhere on U. In this case we find that
for functions a, f ′ . Instead of proceeding directly we are looking for a suitable adopted coframe. The gauge formula (20) for ω simplifies to
for α = −a/α 1 we obtain ω ′ = df ′ + dα and in consequence dω ′ = 0. As dτ 1 = dτ 2 = 0 we have Dω ′ = Dω (see Corollary 3), in such case we say that Dω is gauge-invariant. Summarizing our considerations we see that always there is a local adopted coframe (θ 0 = η, θ 1 , . . . , θ 4 ) with ω closed. So let fix such adopted coframe then
which yields ω = aθ 1 − (σ/α 1 )θ 2 , for a function a, (τ 1 = α 1 θ 1 ), from dω = 0 we find
here C is a function of x 1 only and as earlier θ 1 = dx 1 , θ = dx 2 . Again the shape of ω and the equations (46) follow dθ 3 ∧ θ 1 = 0, dθ 4 ∧ θ 2 = 0, thus we are looking for solutions of the form
u, v are functions determined by (46) and (75). Some simple considerations follow
Theorem 8. Let (M, ϕ, ξ, η, g) be a locally flat manifold. Then near each point p ∈ M there are local coordinates (t, x 1 , x 2 , y 1 , y 2 ) and local adopted coframe (θ 0 = η, θ 1 , . . . , θ 4 ), such that
the functions (u, v) have general form
where
and the functions (A, B) satisfy the following condition
7.2. Isotropy groups. By an structure automorphism (in general local) it is understood an isometry f , such that
Respectively an infinitesimal automorphism is a Killing vector field (local) K with the properties
here L K denotes the Lie derivative. The conditions L K ξ = 0 and L K η = 0 are equivalent. Let M be a flat manifold, for simplicity we assume M = U where U ⊂ R 5 is a domain and we fix a point O ∈ U as origin. We also assume that global Cartesian coordinates on R 5 are normal flat coordinates: the metric coefficients are constants in these coordinates.
In what will follow we study automorphism with the origin O as a fixed point and infinitesimal automorphisms vanishing at the origin. The correspondence K → (∇K) O is one-one, as we consider only those infinitesimal automorphisms which vanishes at O, thus K → (∇K) O defines a representation of a local Lie algebra s of all infinitesimal automorphisms vanishing at O as a Lie algebra of endomorphisms of the tangent space T O U.
Let f be local automorphism defined near the origin,
Proposition 12. Let (V 0 = ξ, V 1 , . . . , V 4 ) be an adopted frame defined near O ∈ U, then (79)
If K is an infinitesimal automorphism, K = 0 at the origin, then
here a, c are some functions.
Proof. As f is an local automorphism f * ϕ = ϕf * , f * ξ = ξ, thus ±1-eigenspaces of ϕ are invariant
and according to (9) , g(ξ, ∇ X f * V 1 ) = σbg(X, V 2 ), so b = 0 identically. Exactly in the same way we prove that f * V 2 = a 2 V 2 . As f is an isometry
c denotes a functions, note that
and from the other hand as ∇ X f * V 3 = . . .
in consequence a 1 = 1 a 1 and a 1 = ±1, similarly we obtain a 2 = ±1. This proves (79). Let f t be a local 1-parameter group of automorphisms, f t : O → O, as f 0 * = Id is the identity transformation applying (79) to each f t * we must have ε 1 = ε 2 = 1 and f
, then for example
and similarly we find
Proposition 13. If K is an infinitesimal automorphism vanishing the origin, K(O) = 0, L K θ 3 = aθ 2 then in coordinates as in the Theorem 8
The local Lie algebra of all infinitesimal automorphisms vanishing at O is 1-dimensional, equivalently for the infinitesimal automorphisms
Proof. As K is Killing vector field the equations (80) in metric-dual coframe (θ 0 = η, θ 1 , . . . , θ 4 ) reads as
as the 1-forms (θ 0 , θ 1 , θ 2 ) are closed the functions θ 0 (K), θ 1 (K), θ 2 (K) are constants and thus they identically zero for they vanish at the origin O. In the local coordinates (t, x 1 , x 2 , y 1 , y 2 ) from the Theorem 8
and the equation
and in consequence for the function a we find
the last identity follows that given two infinitesimal automorphisms
Explicitly the solution of (83) can be given the form
where γ ⊂ U is an arbitrary (smooth) curve joining the origin and the point p. If the function a vanishes at the origin it vanishes everywhere and this is possible if and only if the corresponding infinitesimal automorphism is null, i.e. K = 0 identically. Indeed, we have L K V i = 0, i = 0, . . . , 4, and the covariant derivative ∇K vanishes at the origin but then as both K and ∇K vanish at the origin, K vanishes near O and thus everywhere as U is connected. We fix now the function a requiring a(O) = 1 and note this as a 0 thus (82) takes the form 7.3. Manifolds with transitive automorphism groups. Here we provide a detailed discusion of the example of a flat manifold from [3] . At fist we recall the definition
we directly verify that M equipped with this structure becomes a weakly para-cosymplectic manifold with para-Kähler leaves, evidently M is flat as pseudo-Riemannian manifold, for the tensor A = −∇ξ, we have
so M is non-paracosymplectic and of elliptic type. Introducing the adopted frame (V 0 = ξ)
we find that the only non-vanishing commutators from [V i , V j ], i, j = 0, . . . , 4 are
thus the frame constitutes a base for a 5-dimensional Lie algebra of vector fields. Let G be a Lie group with the Lie algebra g isomorphic to the one spanned by (ξ, V 1 , . . . , V 4 ) thus we can export the structure (ϕ, ξ, η, g) to a left-invariant structure (φ,ξ,η,g) defined on G and these structures are locally isomorphic. In particularg is flat left-invariant pseudo-metric on the non-abelian Lie group G. We note that G acts on itself by left-translations as group of automorphisms of the structure. So, G is an example of flat weakly para-cosymplectic manifold, of elliptic type, with a transitive group of automorphisms.
First, note that we may identify the manifold M which appears above with an open neighborhood U e = M ⊂ G of the identity element e ∈ G, (z, u 1 , u 2 , v 1 , v 2 ) are then local coordinates near e = (0, 0, 0, 0, 0) and (84) is a local description of the left-invariant structure (φ,ξ,η,g) on U. Let introduce new coordinates (x 1 , . . . , x 5 ) on M ifK i are the infinitesimal automorphisms defined by these 1-parameter groups then we find
we now easily obtain the structure for the Lie algebra spanned by (K 1 , . . . ,K 6 ), for the non-zero commutators are
we denote this Lie algebra by s, we note that s is a 3-step nilpotent, the vector fieldK 6 it is exactly the generator of the isotropy group described in the Proposition 13. Summarizing our discussion we notice that the problem of a description of the Lie groups of automorphisms of the manifold M described in the Example 7.3 is non-trivial despite the fact the metric is flat. According to these cases (A), (B), (C1) and (C2) we introduce four families of Lie groups G 1 , G 2 , G 3 , G 4 with the respective Lie algebras: We summarize our considerations in the following manner Theorem 9. If there is a left-invariant structure (φ, ξ, η, g), so all the tensors are left-invariant, on a Lie group G, making G a hyperbolic or elliptic weakly para-cosymplectic manifold with paraKähler leaves, then G belongs to the one of the classes G 1 , G 2 , G 3 , G 4 .
Remark 2. The Example from the previous section is a Lie group from the class (C2) with α 1 = α 2 = 0, β 1 = β 2 = 0 and σ = 1. Note also that the groups always appears in the dual pairs where duality is established by the value of σ = ±1.
